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The current textbook view of the causes of presbyopia rests very largely on a series of experiments reported by R.F. Fisher some
three decades ago, and in particular on the values of lens Youngs modulus inferred from the deformation caused by spinning excised
lenses about their optical axis (Fisher, 1971) We studied the extent to which inferred values of Youngs modulus are inﬂuenced by
assumptions inherent in the mathematical procedures used by Fisher to interpret the test and we investigated several alternative
interpretation methods. The results suggest that modelling assumptions inherent in Fishers original method may have led to sys-
tematic errors in the determination of the Youngs modulus of the cortex and nucleus. Fishers conclusion that the cortex is stiﬀer
than the nucleus, particularly in middle age, may be an artefact associated with these systematic errors. Moreover, none of the mod-
els we explored are able to account for Fishers claim that the removal of the capsule has only a modest eﬀect on the deformations
induced in the spinning lens.
 2005 Elsevier Ltd. All rights reserved.
Keywords: Accommodation; Human lens; Modelling; Presbyopia; Stiﬀness1. Introduction
1.1. Presbyopia and lens stiﬀness
The stiﬀness of the human ocular lens is regarded as
having an important inﬂuence on the amplitude of
accommodation. As the lens ages, it is generally under-
stood that its stiﬀness increases; this progressive increase
in stiﬀness is thought to be the dominant cause of pres-
byopia. However, the precise relationship between lens
stiﬀness and amplitude of accommodation is uncertain.
Also, the relative importance of changes in lens stiﬀness
and age-related changes in other aspects of the accom-
modation apparatus has yet to be unequivocally estab-
lished. In addition, there is no current consensus on0042-6989/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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E-mail address: harvey.burd@eng.ox.ac.uk (H.J. Burd).numerical values for the relevant stiﬀness parameters
for the lens.
The eﬀect of lens stiﬀness on accommodation ampli-
tude has been investigated using numerical models of
the accommodation mechanism (e.g., Burd, Judge, &
Cross, 2002). However, the usefulness of models of this
sort depends on the availability of high quality data on
the mechanical properties of the individual components
of the accommodation apparatus. If these data are unre-
liable then the eﬀectiveness of modelling, as an investiga-
tive tool, is reduced.
The current uncertainty in the stiﬀness parameters
that characterise the mechanical behaviour of the lens
has two sources. First, there is no consensus on an
appropriate constitutive model for the lens or the spatial
variation of material properties within the lens. Fisher
(1971), van Alphen and Graebel (1991), and Heys,
Cram, and Truscott (2004), for example, adopted a
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(Fisher (1971) and Heys et al. (2004)) was also non-ho-
mogeneous. Other researchers (e.g., Weeber et al., 2005)
have explored the use of a visco-elastic model to repre-
sent the lens; such a model would be of use in investigat-
ing the dynamic characteristics of the accommodation
apparatus. These diﬀerent representations of themechan-
ical behaviour of the lens mean that it is not straightfor-
ward to correlate experimental data on lens stiﬀness
collected by diﬀerent research teams. In addition, features
of behaviour such as material non-linearity (as has, for
example, been observed in the lens capsule, Krag &
Andreassen, 2003) and anisotropy (as might be suggested
by the highly directional nature of the cellular structure of
the lens) may be relevant, and yet these aspects of behav-
iour appear to have attracted little attention.
A second contributing factor is that relatively few
experimental data on lens stiﬀness exist. Opportunities
to collate comparable data sets from diﬀerent sources
are therefore minimal.
An early published attempt to measure conventional
engineering stiﬀness parameters for the lens is described
by Fisher (1971). Fishers test involved spinning the lens
about its polar axis, and observing the resulting polar
and equatorial displacements. Fisher used these mea-
surements to determine the Youngs modulus of the
nucleus and cortex on the basis of a simple non-homo-
geneous linearly elastic model for the lens. More recent-
ly, van Alphen and Graebel (1991) described an
alternative procedure, based on uniaxial testing of the
combined lens, zonule, ciliary muscle, and choroid.
The resulting data are diﬃcult to interpret, however, be-
cause of the complex three-dimensional nature of the
loading arrangement. Czygan and Hartung (1996) and
Glasser and Campbell (1999) described compression
tests in which the stiﬀness of the lens was explored in
a qualitative way, without attempting to determine
numerical values of relevant material properties. Heys
et al. (2004) and Weeber et al. (2005) described separate
procedures, based on dynamic mechanical analysis, to
measure lens stiﬀness parameters. Heys et al. (2004) con-
ducted static tests in which the resistance to penetration
of a miniature probe applied to the lens is used to esti-
mate values of local shear modulus. (This approach,
implicitly, adopts a linear elastic non-homogeneous view
of the lens). In contrast, Weeber et al. (2005) described
cyclic tests, on fragmented lenses, in which the parame-
ters to calibrate a linear visco-elastic model of the lens
are determined. Weeber et al. (2005) did not attempt
to investigate the possibility of spatial variations in the
visco-elastic properties of the lens.
Taken together, the published archive of mechanical
test data presents a broadly consistent view of the lens
as a visco-elastic body with values of stiﬀness that tend
to increase numerically with age. However, various puz-
zling features of the data exist. For example, the data ofFisher (1971) suggest that the cortex is signiﬁcantly stiﬀ-
er than the lens nucleus, particularly in middle age. This
is contrary to expectation. For example, studies by Pau
and Kranz (1991), in which a miniature probe was
pushed through the polar axis of the lens, showed that
the force at the probe tip increased considerably as the
probe passed through the lens, reaching a peak at the
lens centre. Although this is essentially a strength (as op-
posed to a stiﬀness) test, it does lead to a qualitative
expectation that the lens nucleus is likely to be stiﬀer
than the lens cortex. Also, Fishers results suggest that
the stiﬀness of the lens increases by a factor of about 4
or 5 during life. This contrasts, for example, with the re-
sults of a lens compression test reported by Glasser and
Campbell (1999) which, although presented in qualita-
tive terms, suggests a larger rate of increase in lens stiﬀ-
ness with age.
This paper describes an attempt by the authors to
conduct a systematic review of the spinning lens ap-
proach pioneered by Fisher (1971). The purpose of the
study is to determine whether some of the apparent con-
tradictions between Fishers conclusions, and experi-
mental results published by other researchers, can be
resolved by improvements to the mathematical proce-
dures used to interpret the spinning lens test. The study
has a further purpose, namely to assess the extent to
which the spinning lens approach is, in principle, capa-
ble of delivering high quality and useful data on lens
stiﬀness. It is hoped that the conclusions of the study
will be of interest to those seeking to make use of Fish-
ers original data and also of use to future researchers
seeking to repeat or improve the spinning lens
experiment.
Fisher does not report numerical data on the defor-
mations generated in the spinning lenses or the dimen-
sions of the lenses that were tested. We ﬁrst
reconstructed these data from the relevant plots in Fish-
er (1971). We then used the mathematical model adopt-
ed by Fisher (1971) to infer values of lens Youngs
modulus from displacement data recorded during the
test (we refer to this procedure as Model A). The
authors consider that one of the assumptions, relating
to the nature of the cortex/nucleus boundary, that Fish-
er adopted in his analysis, is inappropriate. A modiﬁed
approach (referred to as Model B), employing an alter-
native description of this interface, is therefore derived.
The application of this modiﬁed model to Fishers origi-
nal data is discussed and the possibility of systematic
modelling errors is investigated by means of a ﬁnite
element analysis of the spinning lens and also exact solu-
tions for a rotating elastic spheroid. Finally, consider-
ation is given to the possible inﬂuence that the capsule
might have had on the outcome of the test.
A summary of the various analytical and numerical
procedures described later in this paper is given in
Table 1.
Table 1
Summary of the mathematical models adopted in the paper
Model Reference Brief description
Model A Analytical model for interpreting the spinning lens experiment. Original approach proposed by Fisher (1971)
Model B Analytical model for interpreting the spinning lens experiment. New approach, using a spinning disc procedure, in which the
nucleus and cortex are assumed to be fully adhered at their common interface
Model C Analytical model for interpreting the spinning lens experiment, based on the exact solution for stresses in a rotating spheroid
(Chree, 1895)
FE(1) Small displacement ﬁnite element analysis of a spheroidal lens with a spherical nucleus.
FE(2) Large displacement ﬁnite element analysis of a de-capsulated lens
FE(3) Large displacement ﬁnite element analysis of a capsulated lens with constant capsule thickness
FE(4) Large displacement ﬁnite element analysis of a capsulated lens with a spatially varying capsule thickness
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2.1. Fishers spinning lens test (Fisher, 1971)
In the experiment described by Fisher (1971), a hu-
man lens was placed on a pedestal and spun about its
polar axis at 1000 revolutions per minute (rpm). Flash
photography was used to measure the displacement of
the equator and the anterior pole caused by the rotation-
al body forces. These data are plotted in Fig 7 of Fisher
(1971) and this is reproduced in Fig. 1. (Note that in
Fisher (1971), the term strain is used to refer to mea-
sured displacement. In this paper, however, the term
strain is reserved for use in the conventional engineer-
ing sense of being a non-dimensional measure of defor-
mation gradient.)
The data in Fig. 1 were used by Fisher, in conjunction
with an approximate mathematical model of the spin-Fig. 1. Measurements on lens equatorial and polar displacement
reproduced from Fig. 7 of Fisher (1971). Note that the term equatorial
strain refers to radial displacement at the lens equator and that polar
strain refers to the change in thickness of the anterior portion of the
lens. (Neither of these quantities are, in fact, strains in the conven-
tional sense.)ning lens, to infer values of Youngs modulus for each
lens. Fishers analysis was based on the following
assumptions. (Note that this list is not exhaustive.)
(a) Geometric.
(a1) The lens may be modelled as a spheroid.
(a2) The nucleus consists of a discrete spherical
structure within the lens. The radius of the
nucleus is equal to the minor axis of the ellipti-
cal lens proﬁle.(b) Mathematical modelling
(b1) The lens is treated as a stack of smooth spin-
ning discs for the purpose of relating the equa-
torial and polar displacements to the Youngs
modulus of the cortex and nucleus.
(b2) The interface between the nucleus and the cor-
tex is assumed to be partially adhered (see
Equation 5.6 of Fisher, 1971)(c) Mechanical.
(c1) The lens nucleus and cortex are isotropic,
homogeneous, linear elastic incompressible
materials.
(c2) The capsule has a negligible eﬀect on the defor-
mations developed in a spinning lens. We
include this as an assumption as Fisher
(1971) only reports measurements on a single
de-capsulated lens.The six assumptions set out above underpin the
mathematical procedure that Fisher used to interpret
the spinning lens test. The eﬀect that certain of these
assumptions have on the computed values of Youngs
modulus is considered in the analysis developed later
in the paper.2.2. Mathematical model of the spinning lens (Models A
and B)
2.2.1. Nomenclature, geometry, and coordinate system
In an attempt to investigate the possible inﬂuence of
Fishers assumption (b2), a new mathematical model
based on Fishers original approach (but in which
assumption (b2) is not adopted) has been developed.
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Fishers original approach (Fisher, 1971) is referred to
as Model A.
In Fishers original model, the lens is represented by a
stack of spinning discs. Shear stresses acting on planes
parallel to the equator are assumed to be negligible
(assumption (b1)). This approach is also adopted in
Model B. Fishers original analysis adopts the assump-
tion (b2) that, at the interface of the nucleus and the cor-
tex, the lens material is neither fully adhered nor it is
fully uncoupled. This interface condition appears some-
what inconsistent with the other assumptions. For
example, the analysis relies on the assumption that radi-
ally adjacent layers in the cortex and also in the nucleus
are fully coupled. Why should a diﬀerent assumption be
adopted for the boundary between the nucleus and cor-
tex? In Model B, therefore, the alternative assumption is
made that the nucleus and cortex are fully adhered at
their common interface. In all other respects, Model B
is based on the same assumptions as those originally
adopted by Fisher (1971).
The nomenclature is shown in Fig. 2. For both mod-
els, the nucleus and the cortex are assumed to be linearly
elastic materials with Youngs modulus EN (for the
nucleus) and EC (for the cortex). Both materials are as-
sumed to have the same density (q). The Poissons ratio,
m, for both materials is 0.5. (Note that dP refers to the
vertical movement of the pole of the lens with respect
to the lens equator. The total change in thickness of
the lens is therefore 2dP). The values of equatorial
strain and polar strain plotted by Fisher (1971) and
reproduced in Fig. 1 correspond to dE and dP,
respectively.
The development of expressions for dE and dP
based on Model B is given in Appendix A. Appendix
A also contains details of an inverse process to deter-b
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Fig. 2. The nomenclature used in describing spinninmine values of EN and EC from observed values of dE
and dP.
2.2.2. Calculation of Youngs modulus values from
Fishers raw data
The expressions derived in Appendix A can be used
straightforwardly to compute values of EN and EC from
data on equatorial and polar displacement. Diﬀerences
in inferred Youngs modulus computed using this ap-
proach (Model B) and Fishers original procedure
(Model A) provide an indication of the systematic eﬀect
of Fishers assumption (b2). Unfortunately, however,
Fisher did not tabulate the measured values of displace-
ment or the dimensions of the lenses that were tested.
Fisher apparently determined the density of each lens
but these data are also not reported. Instead, the raw
data were presented in graphical form. To proceed with
this study, therefore, it is ﬁrst necessary to extract these
data from Fishers graphs. The extraction procedure
that was adopted is described below.
2.3. Fishers data
Data on measured lens displacements must be
extracted from Fig. 7 of Fisher (1971). Figs. 8 and 9
of Fisher (1971) provide additional data that are needed
to estimate appropriate values of a (length of the major
semi-axis) and b (length of the minor semi-axis) for the
elliptical proﬁle of each lens.
These ﬁgures were scanned at high resolution and the
coordinates of the pixels assessed by eye to be the centre
of each data point were recorded. The pixel coordinates
of the scale markings were also recorded. Each set of
data point coordinates was then decomposed into com-
ponents parallel to each axis. (It was not assumed that
the axes are necessarily orthogonal.) These componentsa
Angular velocity, ω
s
RN(z)
RO(z)
z δE
δP
δP
r
 Nomenclature
g disc analysis of the lens (Models A and B).
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scale markings of the corresponding axis to give numer-
ical estimates for the data. Values of the data extracted
in this way are given in Table B1 in Appendix B.
The lens ages are all close to whole numbers of years,
except for the youngest lens (Row 1 of Table B1). Also,
the displacements are all close to multiples of 10 lm, ex-
cept the equatorial displacement of 95.445 lm (Row 18
of Table B1) which lies near to a mid-point. This sug-
gests that these values represent the full precision of
the plots, and possibly of the data themselves. It is as-
sumed, therefore, that these data can be rounded to
the appropriate values without loss of information.
(Note that this is not the case for the equatorial and po-
lar Youngs modulus, EE and EP.) The rounded data are
shown in the ﬁrst three columns of Table B2.
Fisher (1971) uses the following expressions to calcu-
late the equatorial and polar Youngs modulus, EE and
EP:
EE ¼ qx
2a3
8dE
; ð1Þ
EP ¼  7qx
2a2b
24dP
: ð2Þ
These expressions give:
a ¼ 2 dEEE
qx2
 1
3
; ð3Þ
b ¼  6dPEP
7ðqx2d2EE2EÞ
1
3
: ð4Þ
The data in Table B1 (on EE and EP) can therefore be
used to determine values of a and b (in conjunction with
Eqs. (3) and (4)) provided that the lens density is also
known. Since lens density is not reported by Fisher,
the following approximate relationship is adopted
(based on data for lenses in the range 20–70 years from
Bellows, 1944), where X is age in years
qðkg=m3Þ ¼ 1013:5þ 1:137X : ð5Þ
Note that inferred values of the aspect ratio, k, where
k ¼ a
b
¼  7
3
dEEE
dPEP
ð6Þ
are independent of density.
To analyse each individual lens, it is necessary to col-
lect a matched set of four pieces of information (dE, dP,
a, and b). In the majority of cases, a single set of data is
given at a particular age, and this collation can be done
unambiguously. In other cases, however, more than one
lens of a particular age was tested. To determine how the
data should be grouped, it was assumed that the correct
arrangement gives the smallest discrepancies between
the values for k, a, and b for lenses of a given age. Thiswill also minimize the discrepancy with any target value
lying close to the invariant geometric mean of the values
calculated for the lenses. This procedure produced a
clearly preferable grouping of data for all duplicated
ages, except for data at 52 years. The 52 year data set
suﬀered from additional complications as discussed
below.
The lens that appears with an age of 53 in Fig. 7 of
Fisher (1971) has apparently been plotted with an age
of 52 in Fishers Figs. 8 and 9 (Row 33 of Table B1).
Also, its unusually small equatorial displacement of
10 lm means that it is impossible to select values for
EE and EP from those plotted at 52 years which will pro-
duce sensible values for a and b. For this reason, the dis-
placement values plotted at 53 years were excluded from
the data set adopted for study in this paper, and the
grouping of data for the 52-year-old lenses considered
all four possible values of EE and EP, with one of each
ultimately unused.
The 1- and 54-year-old lenses are also problematic.
For the one-year lens, the aspect ratio is less than one
and so the model of a spherical nucleus extending to
the poles is inapplicable. The 54-year lens has a plausible
geometry, but the measured displacements imply a neg-
ative Youngs modulus for the cortex (depending on the
particular calculation method employed). These two
lenses were therefore removed from the data set adopted
for the study in this paper.
The complete set of data on lens displacements and
dimensions, obtained using these procedures and adopt-
ed for subsequent analysis, is given in Table B2 in
Appendix B.3. Results
3.1. Re-computed values of Youngs modulus
Values of nucleus and cortex Youngs modulus have
been re-calculated using the data in Table B2 with Mod-
el A (Fishers original approach) and also with Model B
(see Appendix A). The results are plotted in Figs. 3A
and B. Also plotted are Fishers original polynomial
regression lines and regression lines (adopting the
same orders of polynomial as used by Fisher (1971) to
provide a fair comparison) for the data computed using
Model B.
These ﬁgures provide some interesting insights into
the data. Fig. 3A, for example, shows that the Model
A best-ﬁt polynomials provide a good match with the
polynomials proposed by Fisher (1971). The fact that
the polynomials appear similar suggests that errors in
the data extraction process are minimal.
Fig. 3B indicates a similar pattern to that of Fig. 3A.
However, the best-ﬁt polynomial for the cortex suggests
that the cortex is somewhat stiﬀer, particularly in middle
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stiﬀness, however, calculated using the two models are
quite similar. This suggests that details of the way in
which the interface between the nucleus and cortex is
modelled (i.e., relating to assumption (b2)) has some
inﬂuence on the calculation of the cortical stiﬀness but
little eﬀect on the nuclear stiﬀness.
It is further seen from Figs. 3A and B that the scatter
in the Youngs modulus data is considerable, and is non-
uniformly distributed with larger scatter for lenses of
greater age. This non-uniformity of variance suggests
that least-squares ﬁtting of a polynomial may not be
the most suitable way to represent the data. The loga-
rithm of the Youngs modulus data, however, exhibits
a variance that is relatively insensitive to age. This sug-
gests an alternative least-squares ﬁtting procedure,
based on the logarithm of the Youngs modulus, that ap-
pears to have substantial advantages over Fishers origi-
nal approach. This alternative procedure is illustrated in
Figs. 4A and B. In these plots, a least-squares ﬁtting
procedure is used to obtain linear ﬁts for the relation-
ship between the logarithm of the Youngs modulus
and age. For the case where the Youngs modulus is
computed using Model A (Fig. 4A), the regression lines
are:
lnEC ¼ 0:149þ 0:0206X ðR2 ¼ 0:19Þ;
lnEN ¼ 1:18þ 0:0245X ðR2 ¼ 0:31Þ;
ð7Þ0
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Fig. 3. Values of cortex and nucleus stiﬀness re-computed from the Fisher
polynomials to the data. Solid lines, provided for comparison, indicate the p
cortex stiﬀness. (A) Based on Model A (Fishers original model) and (B) ba
polynomials are 0.55 (nucleus) and 0.16 (cortex). For the Model B data, the Rwhere EC and EN are the cortex and nuclear Youngs
modulus in units of kPa, and X is age in years. For
Model B (Fig. 4B), the regression lines are:
lnEC ¼ 0:381þ 0:0178X ðR2 ¼ 0:14Þ;
lnEN ¼ 1:25þ 0:0246X ðR2 ¼ 0:23Þ:
ð8Þ3.2. Modelling errors in the spinning disc approach
Models A and B both divide the lens into thin ele-
mental discs. They also both adopt the assumption that
shear and vertical stresses are everywhere zero. The
modelling errors induced by this approach have been
investigated by comparison with the results obtained
from the exact analytical solution for the homogeneous
case (i.e., in which the nucleus and cortex have the same
stiﬀness) and from ﬁnite element calculations in certain
non-homogeneous cases.
For the homogeneous case, where the nucleus and the
cortex have the same stiﬀness E, then Models A and B
predict identical displacements
dE ¼ qx
2a3
8E
and dP ¼  7qx
2a2b
24E
: ð9Þ
The corresponding exact solution has been derived from
the more general form given by Chree (1895). (An out-
line of this procedure is given in Appendix C.) The
resulting displacements are0
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2a3
2E
 
4k4 þ 9k2 þ 12
23k4 þ 24k2 þ 48
 
;
dP ¼  qx
2a2b
E
 
7k4 þ 10k2 þ 8
23k4 þ 24k2 þ 48
 
: ð10Þ
A comparison between the values obtained from
Models A and B and the exact solution is shown in
Fig. 5 for a range of aspect ratios, k, that are typicalof human lenses (e.g., see Table B2). The equatorial
and polar displacements are plotted in the form of a
non-dimensional displacement, Ed/Mx2, where E is
the Youngs modulus, d is the appropriate displacement
variable, and M, the mass of the lens, is given by
M ¼ 4p
3
a2bq: ð11Þ
Fig. 5 indicates that the displacements computed using
Models A and B coincide with the exact solution when
k ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ12=7p  1:309, but that the predicted displace-
ments diﬀer for other values of k. For a typical lens,
such as the 21-year-old geometry used in the ﬁnite ele-
ment calculation FE(1) described below for which
k = 2.149, the spinning disc models predict an equatori-
al displacement whose magnitude is 17% greater than
the exact value and a polar displacement whose magni-
tude is 7% less than the exact value. These are potential-
ly signiﬁcant errors. Note that these modelling errors
would combine to suggest that if a homogeneous lens
were tested in a spinning rig and Model A or B was used
to determine the lens stiﬀness, then the model would
indicate that the lens is distinctly non-homogeneous,
with the cortex being apparently stiﬀer than the nucleus.
A further evaluation of Models A and B, for the case
of non-homogeneous lenses, has been undertaken by
comparing them with the results of corresponding ﬁnite
element analyses. The ﬁnite element analyses were per-
formed using the program OXFEM (developed at
ωNucleus
Cortex
Fig. 6. Finite element mesh for spinning lens Model C.
H.J. Burd et al. / Vision Research 46 (2006) 1346–1360 1353Oxford University, UK, for the study of problems in civil
engineering, e.g., see Burd, Houlsby, Augarde, & Liu,
2000). The calculations used a single ellipsoidal lens
geometry, based on the averaged dimensions of the
two 21-year lenses listed in Table B2, with
a = 4.319 mm and b = 2.010 mm. The lens was repre-
sented by a mesh of triangular axisymmetric 15-node
elements, with the nucleus and cortex modelled as dis-
tinct elastic materials, as shown in Fig. 6. The Poissons
ratio of both materials was set to 0.4999 to approximate
incompressibility. The analysis FE(1) was performed
using conventional inﬁnitesimal displacement theory.
(This means that a proportional change in the cortex
and nucleus Youngs moduli will yield an inverse but
proportional change in dP and dE; the ratio of these dis-
placements will therefore depend only on the modulus
ratio, g = EN/EC.) The displacement ratios calculated
from the ﬁnite element analysis are plotted in Fig. 70
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element analysis with values computed using Models A and B. Note
that for homogeneous or nearly homogeneous lenses, both Models A
and B over-estimate the ratio of equatorial to polar displacement.together with the corresponding results from Models
A and B. (The exact solution for the homogeneous case,
not shown in the ﬁgure, agrees closely with the ﬁnite ele-
ment result for g = 1.) Models A and B both display
substantial departures from the ﬁnite element results.
When the inverse procedure of calculating the modu-
lus ratio from the observed displacements is performed,
Model A (as employed by Fisher, 1971) and Model B
both lead to major systematic errors. For example, for
an observed displacement ratio of 0.8, Model A would
suggest a modulus ratio of 0.63, while the more rigorous
ﬁnite element approach, FE(1), suggests a modulus ratio
of about 1.2. These are very diﬀerent results, both quan-
titatively and qualitatively. The ﬁrst indicates a cortex
stiﬀer than the nucleus, while the second indicates the re-
verse. Thus the neglect of vertical and shear stresses
inherent in Model A may explain, at least in part, one
puzzling feature of Fishers data, namely that the cortex
appears stiﬀer than the nucleus.
3.3. Structural eﬀect of the lens capsule
3.3.1. Further analysis of lens Youngs modulus—Model C
The data plotted in Figs 7, 8, and 9 of Fishers (1971)
appear to have been collected on lenses with their cap-
sules intact. Fishers analysis of the data (and also Mod-
el B), however, relies on the assumption that the
structural eﬀect of the capsule is negligible. Fisher de-
scribes a lens of age 21 years for which a subsidiary test
was conducted with the capsule removed. Fisher reports
that the equatorial movement of the capsulated lens was
the same as that of the de-capsulated lens but that the
polar displacement in the de-capsulated lens was about
20% smaller than for the capsulated lens.
Fishers procedure (Model A) is based on the assump-
tion that the structural eﬀect of the capsule is negligible.
However, Fishers observations suggest that the capsule
may in fact have had a signiﬁcant structural eﬀect. To
test the possible eﬀect of the capsule, it is speculated that
Fishers observation that the presence of the capsule
increases the polar displacement by 20% applies to all
of the lenses in the study. This means that Fishers cal-
culations applying Model A were performed with polar
displacements approximately 20% too large in magni-
tude. It is a simple matter to repeat the calculations
for the case where a factor of 0.8 is applied to the polar
displacements listed in Table B2. This procedure leads to
values of cortex and nucleus Youngs modulus that are
signiﬁcantly closer to each other, numerically, in indi-
vidual lenses than is indicated in Fig. 3A. A more accu-
rate numerical model (based on ﬁnite element analysis)
would indicate a similar trend. This suggests the possi-
bility that Fishers data could be reasonably be inter-
preted in terms of a homogeneous lens (i.e., one in
which the stiﬀnesses of the nucleus and cortex are
equal).
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ferred to as Model C) has been developed. This ap-
proach is based on the assumption that the lens may
be represented by a homogeneous elastic model; the ex-
act solutions for the displacements in a rotating elastic
spheroid (Appendix C) may therefore be employed,
together with the assumption that the polar displace-
ments reported by Fisher (1971) should be corrected
by applying a factor of 0.8. For each lens in Table B2,
two values of equivalent modulus are computed from
the solution given in Appendix C; one based on equato-
rial displacement (referred to as EE) and the other on the
corrected polar displacement (referred to as EP). The
data on Youngs modulus obtained in this way are plot-
ted in Fig. 8. The Youngs moduli are plotted on a log-
arithmic axis.
A plot of Z ¼ lnEE  lnEP as a function of age was
examined. There was no clear pattern to the variation
of Z with age. Also the mean value of ðEE  EPÞ, com-
puted to be 0.0057 kPa, is not signiﬁcantly (p = .05)
diﬀerent from zero. This suggests that the two data sets
may be regarded as being homogeneous.
A line of best ﬁt has been derived for the combined
data set. This line (shown in Fig. 8) is given by the
equation
lnE ¼ 0:393þ 0:0224X ðR2 ¼ 0:54Þ; ð12Þ
where E is the Youngs modulus (kPa) and X is age
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Fig. 8. Values of lens Youngs modulus computed using Model C and
shown on a semi-logarithmic plot. The best-ﬁt line, computed for the
combined data set, is also shown.3.3.2. Including the capsule in a ﬁnite element analysis of
the lens
The Youngs modulus of the capsule is known to be
some three orders of magnitude higher than Fishers val-
ues of lens stiﬀness (e.g., Danielsen, 2004; Krag &
Andreassen, 2003), Fishers observation that the capsule
has a relatively minor eﬀect on the lens displacements is
therefore surprising. To investigate this issue, a numeri-
cal model of the lens including the capsule has been con-
structed as described below.
A ﬁnite element analysis has been conducted for both
a capsulated and a de-capsulated lens based on an ellip-
tical geometry with dimensions at a = 4.319 mm,
b = 2.010 mm. (These dimensions are those correspond-
ing to a 21-year lens.) The analysis was based on the
ﬁnite element mesh shown in Fig. 6 and was conducted
using the OXFEM ﬁnite element program using
calculation procedures that included the eﬀects of
geometric non-linearity. For the capsulated case, the
thickness of the capsule was assumed to be 18 lm
(corresponding to the equatorial thickness of the 22-
year capsule reported by Fisher & Pettet, 1972). The
capsule was modelled using 5-noded linearly elastic
membrane elements. The Youngs modulus of the
capsule is estimated from the correlation given by Krag
et al. (2003)
ECAP ¼ 0:03ðX  35Þ þ 1:45; ð13Þ
where ECAP is the Youngs modulus of the capsule in
units of MPa and X is age in years. This equation sug-
gests a capsule Youngs modulus of 1.06 MPa; this value
was therefore used in the ﬁnite element analysis. The
capsule was assumed linearly elastic with a Poissons
ratio of 0.47 (Fisher, 1969). The stiﬀness of the cortex
and nucleus adopted in the analysis is computed from
the regression polynomials given by Fisher (1971) for a
lens of age 21; this gives EN = 0.51746 kPa and
EC = 2.85056 kPa. A Poissons ratio of 0.4999 was
adopted and the lens density was computed from Eq.
(5) for an age of 21 years.
The results of these calculations (FE(2) denotes the ﬁ-
nite element analysis of the de-capsulated lens and FE(3)
denotes the ﬁnite element analysis of the fully capsulated
lens with a capsule of thickness 18 lm) are set out in Ta-
ble 2. These results indicate that the capsule reduces the
equatorial movement to about 21% of its de-capsulated
values and the polar movement to about 35% of its de-
capsulated value. This result is entirely at odds withTable 2
Results for ﬁnite element analysis of a spinning lens
Run dE (lm) dP (lm)
FE(2) no capsule 57 150
FE(3) constant capsule thickness 12 53
FE(4) varying capsule thickness 14 59
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and that dP is actually increased (by 20%) by the pres-
ence of the capsule. Analysis FE(4) provides a simple
extension to the model. In this case, the thickness of
the capsule varies spatially according to data on a 22-
year lens reported by Fisher and Pettet (1972). Proce-
dures for incorporating this in the ﬁnite element model
are described by Burd et al. (2002). The results for anal-
ysis FE(3) and FE(4) are similar.
The ﬁnite element model adopted for FE(3) and
FE(4) provides values of equatorial and polar displace-
ment that are substantially less than those observed by
Fisher (1971). The reasons for this lack of agreement
are unclear. However, it is noted that in the numerical
analysis a relatively simple model of the capsule is
used (linear isotropic elastic with full adhesion with
the lens cortex) and it is possible that a more detailed
model would be required to capture the structural ef-
fect of the capsule. It is noted, however, that Fishers
observations on the structural eﬀect of the capsule
were made, apparently on the basis of observations
on a single lens. Without conﬁrmation of Fishers
experimental observations on the structural eﬀect of
the capsule in the spinning lens experiment, a detailed
numerical investigation of this issue is regarded as
being premature.
3.4. Is the spinning lens test capable of providing robust
data on lens stiﬀness?
The spinning lens test provides an elegant means of
applying radial forces to the lens in a way that simulates,
to a certain degree, the loading applied to the lens via
the zonule. The lens is therefore subjected to a strain
ﬁeld that is not dissimilar to that occurring during the
natural accommodation process. Since the lens is likely
to behave in a non-linear manner, this feature is an
important advantage of the test.
The study described in this paper has conﬁrmed the
central importance of an accurate numerical model of
the lens to avoid systematic modelling errors in deter-
mining values of Youngs modulus from the results of
the test.
An important remaining question is associated with
the structural action of the capsule. Fisher (presumably
for experimental convenience) conducted the tests with
the capsule intact but used an analysis procedure in
which the structural eﬀect of the capsule is neglected.
Further experimental work is needed to investigate
the eﬀect of the capsule. If (as seems likely to the
authors) the capsule does inﬂuence the displacements
developed in the spinning lens test, then it may be nec-
essary to conduct spinning lens tests in which the lenses
are initially de-capsulated if reliable data on Youngs
modulus are to be obtained. An alternative approach
would involve conducting the tests with the capsule in-tact and adopting a detailed interpretation method in
which the inﬂuence of the capsule is speciﬁcally includ-
ed. Although this would be convenient from an experi-
mental point of view, the preliminary ﬁnite element
analysis outlined in Section 3.3.2 suggests that the devel-
opment of a reliable interpretation method, in which the
structural eﬀect of the capsule is included,may be far from
straightforward.
The only numerical data given by Fisher (1971) on
the structural eﬀect of the capsule are that the polar
displacements diﬀered by 20% and that the equatorial
displacement remained unchanged when tests were con-
ducted on a 21-year lens both with, and without, the
capsule. Fisher (1971) does not indicate whether the ef-
fects of capsule removal on older (or younger) lenses
were also investigated. In this paper, we consider the
consequences of the hypothesis that Fishers observa-
tions on the structural eﬀect of the lens capsule for
the 21-year-lens are generally true for lenses of all ages.
This is the assumption that is the most generous inter-
pretation of the record in favour of Fisher. It may well
be that further experiments will show that the structur-
al eﬀect of the capsule actually changes with the age of
the lens. If this proves to be the case then this would
indicate that Fishers analytical scheme is subject to
further systematic errors. But in the absence of such
experimental data we thought it reasonable to explore
the implications of the simple hypothesis, explored in
this paper, that the structural eﬀect of the capsule is
independent of age.
The spinning lens test, in its original form, involves
two separate displacement measurements. With two
items of data, it is clearly impossible to calibrate a model
involving more than two independent values of Youngs
modulus. To investigate the possibility of non-homoge-
neous stiﬀness in more detail, it would be necessary to
collect displacement data from more than two points
on the lens boundary. These data could be used, togeth-
er with an appropriate numerical analysis, to investigate
details of the variations (if any) of stiﬀness within the
lens.4. Conclusions
1. The spinning lens test requires the use of a mathemat-
ical model to infer values of Youngs modulus from
the observed polar and equatorial displacements.
We investigated some of the assumptions underlying
the model adopted by Fisher (1971) and have
explored the use of a similar model in which a diﬀer-
ent assumption is made about the nature of the inter-
face between the nucleus and cortex. Fishers original
model, and our modiﬁed form of it, lead to similar
values of inferred Youngs modulus when applied to
Fishers original data set.
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models are compared with ﬁnite element solutions
for a rotating spheroid suggest that modelling errors
inherent in the spinning disc model employed by
Fisher (1971) are signiﬁcant. The eﬀect of these mod-
elling errors is to underestimate the modulus ratio.
This systematic error contributes to the impression
given in Fisher (1971) that the cortex is stiﬀer than
the nucleus.
3. Fisher conducted most of his tests with the capsule
intact whereas, in the interpretation process, the
structural eﬀect of the capsule is ignored. The single
de-capsulated test that Fisher reports suggests that
the eﬀect of the capsule is to increase the polar dis-
placement by 20%. It is speculated that if this 20%
increase in polar displacement ratio is applicable to
all of the capsulated lens tested by Fisher, then the
data may be interpreted in terms of a homogeneous
model for the lens. It is noted that experimental con-
ﬁrmation of Fishers observation on the structural
eﬀect of the capsule is needed before ﬁrm statements
can be made about the nature (if any) of the system-
atic errors induced by the presence of the capsule in
the tests.
4. There are insuﬃcient grounds to conclude from Fish-
ers data that the nucleus stiﬀness is signiﬁcantly dif-
ferent from the stiﬀness of the cortex. It should be
noted, however, that the ﬁndings of this study do
not preclude the possibility that the stiﬀness within
the lens may be non-homogeneous (e.g., that the
nucleus may be stiﬀer than the cortex).Appendix A. Model B
A.1. Solution for a general disc
The stresses in the elemental spinning disc (see Fig. 2)
are obtained from the standard solution (e.g., Timo-
shenko & Goodier, 1982). This gives:
rrðr; zÞ ¼ AðzÞ  BðzÞr2 
ð3þ mÞqx2r2
8
; ðA:1Þ
and
rhðr; zÞ ¼ AðzÞ þ BðzÞr2 
ð1þ 3mÞqx2r2
8
; ðA:2Þ
where rr(r, z) and rh(r, z) are the radial and hoop stress-
es, respectively.
The functions A(z) and B(z) are arbitrary and are
determined by the boundary conditions. The angular
velocity is x. This solution applies separately in the
nucleus (where the arbitrary functions are labelled
AN(z) and BN(z)) and in the cortex (where the arbitrary
functions are AC(z) and BC(z)).The four arbitrary functions may be found from the
following conditions:
(a) The stresses at r = 0 remain ﬁnite.
(b) The radial stress at r = RN(z) is the same in the
nucleus and cortex.
(c) The hoop strain at r = RN(z) is the same in the
nucleus and cortex.
(d) The radial stress at r = RO(z) is zero.
For the geometry adopted in this model:
RNðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  z2
p
; ðA:3Þ
ROðzÞ ¼ a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z
b
 2r
: ðA:4Þ
The arbitrary functions determined from these condi-
tions (for the case where m = 0.5) are:
ANðzÞ ¼ qx
2
16
28ga4 þ 3b2ðb2  a2Þðg 1Þ
a2ð1þ 3gÞ þ b2ðg 1Þ
 
1 z
b
 2 
;
ðA:5Þ
ACðzÞ ¼ qx
2
16
7a4ð1þ 3gÞ þ 3b4ðg 1Þ
a2ð1þ 3gÞ þ b2ðg 1Þ
 
1 z
b
 2 
;
ðA:6Þ
BNðzÞ ¼ 0; ðA:7Þ
BCðzÞ ¼ qx
2
16
a2b2ðg 1Þð3b2  7a2Þ
a2ð1þ 3gÞ þ b2ðg 1Þ
 
1 z
b
 2 2
;
ðA:8Þ
where g, the modulus ratio, is given by
g ¼ EN
EC
: ðA:9ÞA.2. Equatorial and polar displacement
On the basis of these solutions, the radial displace-
ment at the equator is
dE ¼ qx
2a
8EC
a4ð1þ 3gÞ  3b2ð2a2  b2Þðg 1Þ
a2ð1þ 3gÞ þ b2ðg 1Þ
 
:
ðA:10Þ
The stresses at r = 0 are given by
rh ¼ rr ¼ ANðzÞ: ðA:11Þ
The polar displacement, dP, is found by integrating the
vertical strain in the discs, at r = 0, along the z axis.
On the polar axis, the vertical strain ez is
ez ¼  2mEN ANðzÞ: ðA:12Þ
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dP ¼
Z b
0
ezdz: ðA:13Þ
This gives (for the case where m = 0.5)
dP ¼ qx
2b
24EN
28a4gþ 3b2ðb2  a2Þðg 1Þ
a2ð1þ 3gÞ þ b2ðg 1Þ
 
: ðA:14ÞA.3. Calculation of EN and EC
Eqs. (A.10) and (A.14) may be used to show that the
modulus ratio, g, is obtained from the solution to the
quadratic equation:
C2g2 þ C1gþ C0 ¼ 0; ðA:15ÞTable B1
Data on lens equatorial and polar displacements (dE and dP) estimated from F
(EE) and Youngs modulus of polar elasticity (EP) estimated from Figs. 8 an
Row Age (years) dE (lm) Age (years) dP (lm)
1 0.387 69.943 0.370 119.612
2 0.995 79.933 1.147 199.578
3 1.956 50.090 2.095 129.814
4 7.993 80.067 8.159 299.636
5 8.985 111.085 9.056 209.445
6 14.993 199.562 15.062 199.877
7 15.963 120.020 16.056 259.684
8 17.979 198.950 18.069 338.289
9 20.903 89.308 20.994 98.866
10 20.938 119.499 20.958 179.232
11 21.958 89.356 21.949 138.813
12 21.970 98.003 22.017 158.810
13 22.945 189.814 23.080 279.068
14 27.939 89.817 27.929 109.756
15 29.953 69.608 29.935 199.199
16 32.979 89.670 32.973 88.883
17 35.930 59.728 35.949 129.207
18 35.979 95.445 36.031 169.017
19 37.922 39.894 37.978 149.303
20 38.988 60.619 38.999 169.631
21 39.980 29.648 39.992 149.399
22 42.973 40.499 42.965 109.263
23 42.977 60.988 42.945 79.919
24 42.971 70.575 42.979 129.076
25 44.921 89.649 44.974 148.986
26 45.946 79.733 45.983 108.753
27 46.939 90.493 47.009 120.108
28 47.941 60.087 47.977 99.322
29 49.980 29.729 49.986 60.157
30 51.950 30.006 51.925 39.700
31 51.944 39.781 52.081 188.665
32 51.960 69.857 51.933 78.959
33 52.894 10.500 52.994 108.809
34 54.040 69.951 53.964 60.164
35 55.046 39.922 55.040 138.997
36 55.952 49.737 56.003 79.703
37 55.944 60.451 55.989 59.518
38 62.916 60.017 62.967 69.206
39 64.027 89.767 64.026 69.528
40 66.969 30.125 66.966 19.766where
C0 ¼ 3dEðk
2  1Þ
dP
; ðA:16Þ
C1 ¼ dEð28k
4  3k2 þ 3Þ
dP
þ 3kðk4 þ 6k2  3Þ; ðA:17Þ
C2 ¼ 9kðk2  1Þ2; ðA:18Þ
and k, the aspect ratio of the elliptical outline of the lens, is
k ¼ a
b
: ðA:19Þ
To deduce values of lens stiﬀness from the observed dis-
placements, values of dE and dP are ﬁrst used, with Eq.
(A.15), to compute g. Then, the values of EN and EC are
computed directly using Eqs. (A.10) and (A.14).ig. 7 of Fisher (1971). Data on Youngs modulus of equatorial elasticity
d 9 of Fisher (1971)
Age (years) EE (Pa) Age (years) EP (Pa)
0.317 738.07 0.340 749.72
0.955 800.42 1.019 749.92
2.034 1364.21 2.051 887.23
8.057 1497.55 7.985 443.29
9.012 1054.84 8.983 733.35
15.030 444.56 15.019 585.51
16.021 970.86 16.009 494.46
18.025 561.40 18.032 432.06
21.055 1209.49 20.990 1143.62
21.044 1004.05 20.982 749.46
22.054 1366.12 22.021 982.84
22.074 1226.91 22.038 911.97
23.025 708.44 23.026 575.24
28.084 1603.04 28.059 1261.00
30.057 1603.90 30.096 643.44
33.052 1810.65 33.031 1736.39
35.984 2470.48 36.014 1219.09
35.981 1355.22 36.037 796.35
38.110 2124.40 38.047 927.65
39.032 3161.27 39.007 902.73
40.029 3298.94 39.980 1044.89
43.104 3504.40 42.975 1203.75
42.974 2099.18 42.986 1445.46
42.907 2066.67 42.960 1162.67
44.979 1420.26 44.985 1177.48
45.960 1846.83 46.000 1447.93
46.979 1548.46 46.993 1236.52
48.008 2091.12 47.957 1743.92
49.958 4078.04 50.031 2394.77
52.062 4932.45 52.004 3633.81
52.034 4704.16 52.005 1187.44
52.025 1328.25 52.017 1383.34
52.007 1970.00 51.963 3336.93
54.029 2153.60 53.960 3326.57
55.029 3276.37 54.994 1091.94
55.933 2400.60 55.911 1720.97
55.918 2342.47 55.905 2833.39
62.961 2851.59 62.888 2926.93
64.015 2289.65 63.867 2515.55
66.956 2184.98 66.801 2262.49
1358 H.J. Burd et al. / Vision Research 46 (2006) 1346–1360Slightly diﬀerent expressions were derived by Fisher
(1971). These diﬀerences are associated with the alterna-
tive assumption made by Fisher about the nature of the
cortex/nucleus interface.Appendix B. Data extracted from Fisher (1971)
See Tables B1 and B2.Appendix C. Stresses and displacements in an elastic
rotating spheroid
An exact solution for an elastic spheroid rotating
about its axis of symmetry, for the case where strainsTable B2
Data on lens equatorial and polar displacements and lens dimensions
Row Age (years) dE (lm) dP (lm) EE (P
1 0.333 70 120 738.
2* 1 80 200 800.
3 2 50 130 1364.
4 8 80 300 1497.
5 9 110 210 1054.
6 15 200 200 444.
7 16 120 260 970.
8 18 200 340 561.
9 21 90 100 1209.
10 21 120 180 1004.
11 22 90 140 1366.
12 22 100 160 1226.
13 23 190 280 708.
14 28 90 110 1603.
15 30 70 200 1603.
16 33 90 90 1810.
17 36 60 130 2470.
18 36 95 170 1355.
19 38 40 150 2124.
20 39 60 170 3161.
21 40 30 150 3298.
22 43 40 110 3504.
23 43 60 80 2099.
24 43 70 130 2066.
25 45 90 150 1420.
26 46 80 110 1846.
27 47 90 120 1548.
28 48 60 100 2091.
29 50 30 60 4078.
30 52 30 40 4932.
31 52 40 190 4704.
32 52 70 80 1328.
33* 53 10 110 1970.
34* 54 70 60 2153.
35 55 40 140 3276.
36 56 50 80 2400.
37 56 60 60 2342.
38 63 60 70 2851.
39 64 90 70 2289.
40 67 30 20 2184.
These data are in the form adopted for the various analyses described in th
marked with an asterisk) have been excluded from all subsequent analyses,are inﬁnitesimal, may be derived from the more general
solution given by Chree (1895). The spheroid is assumed
to be homogeneous and linearly elastic with density q
and to be rotating with angular velocity x.
To determine the speciﬁc solution for a spheroid, axi-
symmetric stresses based on the general solution (Chree,
1895) are assumed. The constants in these solutions are
evaluated by using the appropriate governing equations
and boundary conditions.
The solution for the stresses (in the coordinate system
shown in Fig. 2A) has the form:
rr ¼ D1 þ D2r2 þ D3z2; ðC:1Þ
rh ¼ D4 þ D5r2 þ D6z2; ðC:2Þ
rz ¼ D7 þ D8r2 þ D9z2; ðC:3Þa) EP (Pa) k [a/b] a (mm) b (mm)
07 749.72 1.340 3.337 2.491
42 749.92 0.996 3.584 3.598
21 887.23 1.380 3.659 2.652
55 443.29 2.102 4.405 2.096
84 733.35 1.758 4.357 2.478
56 585.51 1.772 3.978 2.245
86 494.46 2.115 4.351 2.058
40 432.06 1.783 4.295 2.408
49 1143.62 2.221 4.246 1.912
05 749.46 2.084 4.392 2.108
12 982.84 2.085 4.420 2.120
91 911.97 1.962 4.417 2.251
44 575.24 1.950 4.554 2.335
04 1261.00 2.427 4.652 1.917
90 643.44 2.036 4.276 2.100
65 1736.39 2.433 4.836 1.988
48 1219.09 2.182 4.681 2.145
22 796.35 2.219 4.466 2.013
40 927.65 1.425 3.886 2.727
27 902.73 2.884 5.076 1.760
94 1044.89 1.473 4.085 2.773
40 1203.75 2.470 4.583 1.855
18 1445.46 2.541 4.422 1.740
67 1162.67 2.233 4.631 2.074
26 1177.48 1.689 4.441 2.630
83 1447.93 2.164 4.659 2.152
46 1236.52 2.191 4.567 2.084
12 1743.92 1.679 4.409 2.626
04 2394.77 1.987 4.369 2.199
45 3633.81 2.375 4.651 1.958
16 1187.44 1.946 5.039 2.590
25 1383.34 1.960 3.984 2.032
00 3336.93 0.125 2.374 18.959
60 3326.57 1.762 4.677 2.654
37 1091.94 2.000 4.462 2.231
60 1720.97 2.034 4.332 2.129
47 2833.39 1.929 4.566 2.367
59 2926.93 1.949 4.863 2.496
65 2515.55 2.731 5.173 1.894
98 2262.49 3.380 3.527 1.044
is paper. Note that the data sets contained in rows 2, 33 and 34 (and
for reasons described in Section 2.3 of the main text of paper.
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where the constantsD1,D2,D3,D4,D5,D6,D7,D8,D9 and
D10 are to be determined. These constantsmust satisfy the
equations of equilibrium and compatibility and also the
boundary conditions at the surface of the spheroid.
The relevant equations of equilibrium are:
orr
or
þ osrz
oz
þ rr  rh
r
¼ qx2r; ðC:5Þ
orz
oz
þ osrz
or
þ srz
r
¼ 0: ðC:6Þ
These equations impose four independent linear con-
straints on the constants.
The compatibility conditions on the strains, in con-
junction with Hookes law, provide two further condi-
tions on the stresses. For a material with Poissons
ratio m, these may be written:
orh
or
 m orr
or
þ orz
or
 
 1þ mð Þ rr  rh
r
¼ 0; ðC:7Þ
o2rh
oz2
 m o
2rr
oz2
þ o
2rz
oz2
 
þ 1
r
orz
or
 m
r
orr
or
þ orh
or
 
 2ð1þ mÞ
r
osrz
oz
¼ 0: ðC:8Þ
These equations provide two further independent linear
constraints on the constants.
The surface of a spheroid with equatorial semi-axis a
and polar semi-axis b is
r2
a2
þ z
2
b2
¼ 1: ðC:9Þ
On this surface the tractions are zero. To satisfy this
boundary condition the following equations must hold:
r
a2
rr þ z
b2
srz ¼ 0; ðC:10Þ
r
a2
srz þ z
b2
rz ¼ 0: ðC:11Þ
This imposes four further independent linear constraints
on the constants in the assumed solution. (Note that
Eqs. (C.10) and (C.11) each generate two independent
constraint equations.)
The 10 independent linear equations speciﬁed above
can now be used to determine the 10 constants in the
solution. If the material is incompressible (i.e., m = 1/2),
the solutions for the stresses are:
rr ¼K ð7k4þ14k2þ24Þ 1 r
2
a2
 
2ð13k2þ12Þ z
2
b2
 
;
rh¼K ð7k4þ14k2þ24Þð5k4þ6k2þ24Þ r
2
a2
2ð13k2þ12Þ z
2
b2
 
;
rz¼Kð7k212Þ 2 r
2
a2
þ z
2
b2
1
 
;
srz¼Kkð7k212Þ ra
z
b
; ðC:12Þwhere the aspect ratio k = a/b and
K ¼ qx
2a2
ð23k4 þ 24k2 þ 48Þ ; ðC:13Þ
These stress solutions may be used in conjunction with
Hookes law to give the strains. The hoop strain may
be used to give radial displacement, dr, directly as:
dr ¼ Kr
2E
ð7k4 þ 21k2 þ 12Þ  3k2ðk2 þ 4Þ r
2
a2

3ð11k2 þ 4Þ z
2
b2

; ðC:14Þ
where E is the Youngs modulus. To determine the ver-
tical displacement it is necessary to integrate the vertical
strain in the z-direction. This gives the following dis-
placement, dZ relative to the equatorial plane:
dz ¼ KzE ð7k
4 þ 21k2 þ 12Þ  6k2ðk2 þ 4Þ r
2
a2

ð11k2 þ 4Þ z
2
b2

: ðC:15Þ
The radial displacement at the equator, dE and the ver-
tical displacement at the pole dP (see Fig 2) are:
dE ¼Ka 4k
4 þ 9k2 þ 12
2E
 
;
dP ¼ Kb 7k
4 þ 10k2 þ 8
E
 
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